The present investigation deals with study of laminar natural convection flow of a viscous fluid over a semi-infinite flat plate inclined at a small angle to the horizontal with internal heat generation and variable viscosity. The dimensionless boundary layer equations are solved numerically for a negatively inclined plate using a very efficient marching order implicit finite difference scheme. Some results obtained numerically are, also, presented graphically at the point of separation in terms of velocity and temperature profiles. Several physically important quantities, specifically the local skin-friction coefficient and local Nusselt number are discussed with the effects of the physical parameters, namely, heat generation parameter, Q , viscosity-variation parameter, λ, and inclination parameter, , for a fluid of high Prandtl number, Pr. It is found that for a severely large Prandtl number Pr > 1000.0, which is appropriate for geophysical problems, both local skin friction and local Nusselt number coefficients get enhanced. It is interesting to see that the heat generation parameter, Q , as well as the viscosity-variation parameter, λ, have a significant role in the velocity and temperature distributions.
Introduction
Many physical phenomena take into account natural convection with internal heat generation. Its importance can be seen in fluids where heat transfer is present. Applications of such problems include nuclear reactor cores, storage of radioactive materials, semi-conductor wafers, electronic chips and chemical reaction phenomena. Heat generation effects are important in a range of physical problems, which may be constant, space dependent or temperature dependent as discussed by Vajravelu and Hadjinicolaou [1] . Further Vajravelu and Hadjinicolaou [2] analyzed the effect of heat generation over a linearly stretching continuous surface. They determined that the volumetric rate of heat generation q [W/m 3 ] is expressed as
where, Q 0 is the heat generation constant. The relation mentioned above can be considered as an approximation of the rate of some exothermic process with T ∞ as an onset temperature. Referring to the relation given by Vajravelu and Hadjinicolaou, Molla et al. [3] [4] [5] investigated laminar natural convection flow with heat generation and constant viscosity, in various geometries. It is observed in a number of physical phenomena that viscosity may vary with temperature. Such temperature dependent viscosity reports the behavior of the flow more accurately. Many authors have addressed the temperature dependent viscosity of viscous fluids. In this regard, Mehta and Sood [6] and Gray et al. [7] reported that temperature dependent viscosity significantly changes the flow characteristics. Effects of temperature dependent viscosity in natural convection flow are examined numerically by Hossain et al. [8, 9] and Molla et al. [10] . Natural convection flow from a heated vertical wavy surface with variable viscosity has been studied recently by Hossain et al. [11] . Hossain and Munir [12] also studied the natural convection flow of a viscous fluid about a truncated cone with temperature-dependent viscosity and thermal conductivity. Another study of Hossain and Munir [13] comprises mixed convection flow from a vertical flat plate and the viscosity of the fluid has been considered to be inversely proportional to a linear function of temperature. However, in many engineering and geophysical problems, viscosity strongly depends on temperature. For instance, the Earth's mantle viscosity can be represented by exponential function of temperature as reported by Torrance and Turcotte [14] . Such problems are tackled by various analysts namely Torrance and Turcotte [14] , Booker [15] and Strengel et al. [16] , via numerical techniques as well as experimentally. So, taking into consideration exponentially varying viscosity, Molla et al. [17] investigated free convection flow from a vertical surface and presented the solution numerically. The present investigation interprets the effect of exponentially varying temperature dependent viscosity and the internal heat generation on the natural convection flow of a viscous incompressible fluid, over a semi-infinite flat plate inclined at a small angle to the horizontal. The governing equations are transformed into boundary layer equations, which are solved numerically using an efficient implicit finite difference scheme. The results obtained are discussed in view of several physical parameters that occurred in the problem. The effects of variation of the heat generation parameter, Q , viscosity variation parameter, λ, and inclination parameter, Λ, are discussed graphically for a very high Prandtl number, Pr. Velocity and temperature profiles are also drawn at the point of separation for a negatively inclined plate. 
Mathematical formulation
Consider a two-dimensional steady state, boundary layer flow of a viscous incompressible fluid over a semi-infinite heated plate, which is inclined at an angle φ to the horizontal as shown in Fig. 1 . We assume that (i) the surface temperature of the flat plate to T w is greater than the ambient fluid temperature T ∞ , (ii) the viscosity strongly depends on temperature and is an exponential function of temperature, as given below
where, ν 0 is the reference kinematic viscosity at the ambient, λ is the viscosity variation parameter. It can be noted that when λ = 0 the kinematic viscosity is constant. Further, if λ < 0, the kinematic viscosity is larger than the constant kinematic viscosity and if λ > 0, then the kinematic viscosity is smaller than the constant kinematic viscosity. The form of the kinematic viscosity given in the relation (1) has been considered from Torrance and Turcotte [14] , which is appropriate for fluids of large Pr.
The coordinate system and the flow configuration of the problem are shown in Fig. 1 . The equations governing the flow for conservation of mass, momentum and energy are as follows:
where,ū,v are thex andȳ-components of the velocity field, respectively, ν is the kinematic viscosity,T is the temperature of the fluid, ρ is the density of the fluid, g is the acceleration due to gravity, β is the coefficient of volume expansion, α is the thermal diffusivity, k is the thermal conductivity, C P is the specific heat at constant pressure, and Q 0 is a heat generation constant which may be either positive or negative. Further, if Q 0 > 0 then it represents heat generation and on the other hand when Q 0 < 0 it represents heat absorption.
The boundary conditions to be satisfied arē
Now we introduce the following dimensionless independent and dependent variables
cos φ, Ra = Gr Pr (7) where l is the characteristic length of the horizontal plate, Pr is the Prandtl number, Gr is the Grashof number and Ra is the Rayleigh number. The above transformations are appropriate for high Prandtl number, Pr. Introducing the above dimensionless variables into the Eqs. (2)- (5) we get the following dimensionless equations:
where Π is the dimensionless variable kinematic viscosity andQ is the heat generation parameter given by
The boundary conditions (6) then become
We now introduce the following transformation into the dimensionless equations (8)- (11) 
and ignore the terms which are O(Ra
The corresponding boundary conditions are then
In Eqs. (16) and (18) parameters Λ and Q are defined by
which are, respectively, the inclination parameter and modified heat generation/absorption parameter. We, now, intend to transform the boundary layer equations (15)- (19) into a system of equations, which is appropriate for the entire regime in the axial direction, i.e., from the leading edge to the downstream regime. Accordingly, following Hossain and Takhar [18] we introduce the continuous transformations given in (21) in order to begin the integration from the upstream or leading edge regime to the downstream regime.
Substituting (21) into (15)- (19) we get
Associated boundary conditions are
Upstream regime (i.e., for small X )
In order to obtain transformed equations for the upstream regime we consider the limiting case of Eqs. (22)- (25) when
Downstream regime (i.e. when X is large)
Equations for the downstream regime can be formulated as the limiting case when X → ∞. Therefore, for large X again Eqs. (22)- (25) becomes
Along with the boundary conditions
The system of equations obtained in (22)- (36) is solved numerically using a very efficient marching order implicit finite difference method.
Solution methodology
In order to solve the sets (22)-(36) of parabolic partial differential equations, a direct finite difference method has been employed. Discretization of Eqs. (22)- (26) is carried out for numerical scheme using central-difference for diffusion terms and backward difference for the convection terms. This leads to a system of tri-diagonal algebraic equations, which can be solved using Gaussian elimination method for U, Φ, θ independently. This method has been used successfully by Yao [19] and recently by Hossain et al. [3] [4] [5] . Thus, the discretization scheme comes up with the following set of tri-diagonal systems.
The momentum equation leads to
where
From the pressure equation we have
From the energy equation
For upstream (small X ) and downstream (large X ) regimes, the functions given in (49) take the form
and
respectively. In the computation, continuity equation is used to obtain velocity component V for small, large and all X by utilizing the following discretization
The computation is initiated at X = 0.0 which marches up to the point X = 15. For X and Y grids we have taken X = 0.07 and Y = 0.006 respectively, which provides good accuracy. This method has been applied successfully by Yao [19] and recently by Hossain et al. [3] [4] [5] .
Once the solutions for upstream, downstream and entire regimes are obtained, computation is carried out to acquire physically important quantities, specifically, the local skin-friction coefficient, C fx , and the local Nusselt number, Nu x , coefficient from the following relations.
where τ w and q w are the dimensional skin-friction and heat flux at the plate, which are given by
where k is the thermal conductivity and µ is the variable viscosity of the fluid. Using (7), (14) and (21), finally, we get
Near the leading edge and at the far downstream regime, relations in (55) respectively become
and C fx Pr Ra
Now we discuss the effect of various parameters namely the heat generation parameter, Prandtl number, inclination parameter, Λ, and variable viscosity parameter, λ, on local skin friction and local Nusselt number as well as on velocity and temperature profiles. Present numerical results obtained for small and larger value of X for the case of a constant viscosity fluid (λ = 0) taking Pr = 0.72 being compared with that of Jones [20] , found excellent agreement. The present problem for a fluid having constant viscosity (Newtonian fluid) without heat generation (Q = 0.0) is investigated by employing the asymptotic method for both upstream and downstream regimes, taking Pr = 0.72 while Λ = 1.0 (positive inclination) and −1 (negative inclination). Numerical results obtained for small and larger values of X for the case of a constant viscosity fluid (λ = 0) taking Pr = 0.72 are being compared with that of Jones [20] in Fig. 2 , and found excellent agreement.
Results and discussion
In the present paper, we have studied a steady two-dimensional natural convection flow of a viscous incompressible fluid over a flat plate inclined at a small angle to the horizontal with internal heat generation, that depends linearly on temperature and variable viscosity. Throughout the present investigation, the value of Pr is taken to be very large; since, for Earth's mantle value of the Prandtl number is very high. Numerical results are obtained for upstream, downstream and entire regimes employing the finite difference method. These solutions are obtained by varying the physical parameters, such as, heat generation parameter, Q , inclination parameter, Λ, viscosity variation parameter, λ, and Prandtl number, Pr, for the local skin-friction coefficient, Pr Ra respectively. These solutions are compared with the present exact solutions in Fig. 2 . It can be observed that present results are in excellent agreement with that of Jones [20] up to X = 1.0 and for X greater then 6.0.
Effect of variable viscosity on skin-friction and Nusselt number
In Fig. 3 the effects of the viscosity-variation parameter, λ, are shown for Λ = 1.0 and Pr = 1000.0 on local skin friction, Pr Ra −3/5 C fx , and local Nusselt number, Ra −1/5 Nu x , coefficients in the absence of heat generation. It is observed that local skin friction decreases with the increase in viscosity-variation parameter λ, whereas the local Nusselt number increases. The physical reason is that when λ increases, the kinematic viscosity of the fluid decreases which ultimately gives an increase to the local Nusselt number and a decrease to the local skin friction coefficient. Further one can observe that the local skin friction coefficient, Pr Ra −3/5 C fx , is concave upward in the upstream regime and its value increases in the downstream regime. On the other hand, the local Nusselt number, Ra −1/5 Nu x , decreases owing to an increasing distance from the leading edge.
Effect of internal heat generation on skin-friction and Nusselt number
The influence of the heat generation parameter, Q , on local skin-friction Pr Ra −3/5 C fx , and local Nusselt number, Ra −1/5 Nu x , is shown in Fig. 4 with λ = 1.0, Λ = 1.0 and Pr = 1000.0. Heat generation is a significant factor that accelerates the fluid flow and give rise to shear stress. This fact can be seen in Fig. 4(a) in which local skin-friction increases for the increasing value of Q . On the contrary, the rate of heat transfer decreases owing to an increase in the values of Q , which a b is expected, since fluid layer adjacent to the surface of the wall increases the temperature of the fluid particles due to a heat generation mechanism, which ultimately increases the resultant temperature as compared to the surface temperature. Moreover, numerical experiments shows that the value of Q can be increased up to a certain limit.
Effect of Prandtl number on skin-friction and Nusselt number
The variation of local skin-friction, Pr Ra layer thickness become thin for a very large Prandtl number and in the present investigation, it is noted that for Pr > 10 000.0 both momentum and thermal boundary layer thicknesses happen to overlap each other and no variation is recorded. So conclusively, it can be referred that effects are insignificant in such cases.
Effect of inclination parameter number on skin-friction and Nusselt number
In Fig. 6 we have shown the numerical values of local skin-friction Pr Ra Λ. This is due to the fact that an increase in the inclination to the horizontal, strengthens the buoyancy force which in turn give rise to both Pr Ra −3/5 C fx , and Ra −1/5 Nu x . In addition, it is also observed that the momentum boundary layer becomes thicker whereas the thermal boundary layer turns out to be slightly thinner as the inclination of the surface is increased.
Effect of Q on velocity and temperature profiles when Λ < 0
For a negative inclination taking Λ = −1.5, a discussion is carried out to emphasize on the influence of variable viscosity and the internal heat generation on the velocity and temperature profiles while Pr = 100.0 at the point of separation, individually through Figs. 7 and 8.
In Fig. 7 the effect of the viscosity variation parameter on velocity and temperature profiles are presented at the separation points. It can be seen that, the velocity profile increases whilst the temperature profile decreases in the boundary layer region as owing to the increasing value of the viscosity parameter, λ. This behavior of the fluid is expected because an increase in the viscosity parameter gives rise to viscosity adjacent to the surface of the plate which causes the particles to move rapidly and ultimately the velocity profile increases sharply near the surface and the momentum boundary layer thickness also increases. Consequently, the temperature distribution of the fluid diminishes very quickly within the boundary layer and settles down to its asymptotic values. In addition, the higher the viscosity of the fluid, the thicker will be the thermal boundary layer thickness. The points, X s , at which separation of the flow occurs, are 0.37, 0.48, 0.50 for β = 0.0, 1.0, 2.0 respectively. It shows us that the point of separation moves away from the leading edge. Finally, Fig. 8 depicts the velocity and temperature profiles at the separation point for different values of heat generation parameter, Q . This figure depicts that the velocity of the fluid increases while the temperature decreases with increasing Q . An increasing heat generation parameter actually adds heat in the mechanism that increases the fluid flow and eventually the velocity enhances. Due to a b 
Table 1
Numerical values of point of separation, X s . this the resultant temperature of the fluid decreases. For intense heat generation it is noticed that the separation point, X s , moves towards the leading edge, along the surface of the plate. It is because of the fact that the buoyancy forces become weaker which eventually reduces the boundary layer thickness. Hence the separation points get closer to the leading edge. The points X s , at which separation of the flow takes place, are given in Table 1 .
Effect of heat generation and variable viscosity on isoline viscosity
Figs. 9 and 10 show the pattern of the isoline viscosity for different values of heat generation parameter and viscosity variation parameter respectively, while Pr = 300.0 and Λ = 1.0. Fig. 9 displays that adjacent to the surface the kinematic viscosity of the fluid decreases when we increase the heat generation parameter. It happens due to the fact that heat generation near the wall dissipates the energy through the surface of the plate and conclusively increases the temperature which results in a decline in the viscosity of the fluid. Further, the influence of the viscosity variation parameter on the isoline viscosity is displayed in Fig. 10 , in which we see that viscosity of the fluid decreases near the surface and it firmly ensures us that the viscosity depends strongly on temperature. It can be further concluded that the thermal boundary layer thickness becomes thin when we increase the viscosity variation parameter.
Conclusion
In this paper, a two dimensional steady state natural convection flow of a viscous incompressible fluid over a semi-infinite flat plate inclined at a small angle to the horizontal incorporating internal heat generation and variable viscosity effects is studied. The governing nonlinear equations are transformed into dimensionless boundary layer equations, which are solved numerically by using a very efficient marching order finite difference method. The effects of heat generation parameter, inclination parameter, variable viscosity parameter on the skin friction coefficient and on the rate of heat transfer are discussed for fluids with very high Prandtl number. The following conclusions can be made from the present investigation.
• When the viscosity variation parameter increases, the local skin-friction coefficient decreases and rate of heat transfer increases in the absence of heat generation.
• It is also shown that with an increase in heat generation parameter Q , the local skin-friction coefficient increases while the rate of heat transfer decreases for a high Prandtl number.
• It is observed that the local skin friction coefficient and the rate of heat transfer enhances with increasing values of Pr and the momentum boundary layer becomes slightly thin for large Pr.
• For an increasing value of inclination parameter both the heat transfer rate and the skin friction coefficient increase.
• The effects of the viscosity variation parameter, λ, and the heat generation parameter, Q , on velocity and temperature distributions are observed at their corresponding point of separation, which shows that the velocity of the fluid increases whilst the temperature decreases within the boundary layer for increasing values of λ and Q . 
